We have shown (Colin et al. 2019 ) that the acceleration of the Hubble expansion rate inferred from Type Ia supernovae is essentially a dipole with 3.9σ significance, approximately aligned with the CMB dipole, while its monopole component which may be interpreted as due to a Cosmological Constant (or more generally dark energy) is consistent with zero at 1.4σ. This is challenged by Rubin & Heitlauf (2019) who assert that we incorrectly assumed the supernova light-curve parameters to be independent of redshift, and erred further in considering their measured redshifts (in the heliocentric frame) rather than transforming them to the CMB frame (in which the universe supposedly looks isotropic). We emphasize that our procedure is justified and that their criticism serves only to highlight the rather arbitrary "corrections" that are made to the data in order to infer isotropic cosmic acceleration. This is a vivid illustration of the 'Cosmological Fitting Problem' faced by observers who live in an inhomogeneous universe but still use the maximally symmetric FLRW cosmolgy to interpret observations.
INTRODUCTION
Rubin & Heitlauf (2019) (herafter RH19) make four main criticisms of our paper (Colin et al. 2019 ) (hereafter CMRS19), which we address below in turn.
1. RH19 say that we made the "plainly incorrect assumption" that the light-curve shape (x 1 ) and colour (c) parameters in the 'Spectral Adaptive Lightcurve Template' (SALT2) are independent of redshift and that Rubin & Hayden (2016) (hereafter RH16) had demonstrated the need for this. In fact CMRS19 faithfully followed the treatment of the SALT2 parameters by Betoule et al. (2014) who released the public (SDSS-II/SNLS-III) 'Joint Lightcurve Analysis' (JLA) dataset. Whereas RH16 advocated that both x 1 and c have sample as well as redshift dependence, the concomitant proliferation of parameters (from 10 to 22) is not justified by the Bayesian Information Criterion. As seen in Table A .1 of CMRS19, adopting the RH16 framework in fact increases the significance of the dipole q d in the deceleration parameter from 3.9σ to 4.7σ, while the significance of the monopole remains small. However Karpenka (2015) has demonstrated (see her Figure 4 .6 and text at the end of Section 4.5) that allowing redshift dependence for x 1 and c introduces a large bias in the cosmological parameters inferred using the 'Bayesian Hierarchical Model' employed by RH16. The same model was also used in an investigation of the 'timescape' cosmology by Dam et al. (2017) who too criticised RH19 in this connection.
RH19 use a naïve Bayesian Information Criterion that penalises each additional parameter with a factor of ln(740) ∼ 6.6, where 740 is the number of supernovae in the JLA catalogue. However, since SNe Ia data are multidimensional (each of the supernovae that make up the sample of 740 are characterised by magnitude m and redshift z, in additions to x 1 and c), any parameters added to the treatment of dimensionality of the datasets must be penalised by additional factors scaled up by a minimum of 6 × ln(740) ∼ 39.6 (Gao & Carroll 2017 ). Hence we stand by our statement that the 12 additional parameters added by RH16 and RH19 are not justified by any meaningful Bayesian Information Criteria. (Such a penalty however does not apply to the cosmological parameters q d and its scale S, which are independently motivated by physical considerations.) 2. The second issue RH19 highlight is that CMRS19 use heliocentric redshifts rather than correcting for the motion of the Solar system, as is inferred from the kinematic interpretation of the CMB dipole, to boost to the 'CMB frame' in which the universe would supposedly look isotropic. In fact both the "discovery papers" of Perlmutter et al. (1999) and Riess et al. (1998) , as well as all supernova cosmology analyses until 2011, used heliocentric redshifts. Both Perlmutter et al. (1999) and Riess et al. (1998) also employed SNe Ia down to z = 0.01 where, as RH19 correctly point out, peculiar velocities have an impact of ∼ 0.27 magnitude.
We are in fact motivated to look for a dipole in the deceleration parameter motivated by the covariant argument of Tsagas (2011) and Tsagas & Kadilzoglou (2015) that 'tilted' observers such as ourselves who are embedded in a bulk flow can be misled into inferring cosmic acceleration along the direction of that bulk flow. Accordingly we must look at the data as measured and not make "corrections" that necessarily assume an underlying FLRW model (where in fact such bulk flows would not exist).
RH19 assert further that when the full JLA peculiar-velocity covariance matrix is included in the analysis, they find no statistically significant anisotropy at 2σ, even when using heliocentric redshifts. This statement is trivially true and simply reflects how uncertainties behave. Adding additional uncertainties will weaken the statistical significance of hypothesis tests, in particular the peculiar velocity component of the covariance matrix adds additional uncertainties to the SNe Ia at z < 0.06. The covariant effects of peculiar velocities are, for the purpose of our analysis, a signal -not a source of uncertainty.
Moreover our justification of the heliocentric frame choice is said to be "weak". Apart from the fact that the primary hypothesis we set out to test requires us to consider heliocentric redshifts, we wish to point out that both Hudson et al. (2004) and Carrick et al. (2015) (the flow models usually used for peculiar velocity corrections) provide definitive evidence for the existence of bulk flows of 372 ± 127 km s −1 and 159 ± 23 km s −1 respectively, originating from structure beyond the scale of the models. Thus bulk flows definitely exist on larger scales, according to the very flow models used to carry out the "corrections" that RH19 espouse.
3. The third criticism by RH19 is that we ignore cosmological results from surveys carried out in the Southern hemisphere such as the Carnegie Supernova Project (Krisciunas et al. 2017 ) and the Dark Energy Survey (Abbott et al. 2018) . However these data appear to not be publicly available in a form that we can use, unlike the JLA catalogue which provides full details of the lightcurve fitting parameters and all covariances.
RH19 also question why we did not find a correlation between the dipole and the monopole. In fact we do -as seen in Figure 3 of CMRS19, the monopole q m prefers more negative values as the dipole q d approaches zero.
4. Finally RH19 say that our model for the dipole anisotropy is pathological when modeling an isotropic universe because no lower limit is set on the scale S of the exponential fall-off of q d . In fact our code did include a lower bound on S of 0.01 (the omission of this fact from CMRS19 was an oversight).
Even so the fact that a bulk flow exists, as is acknowledged by all parties concerned, makes the point about it being 'pathological' in an isotropic Universe moot, especially when using heliocentric redshifts. The 'pathology' alleged by RH19 never arises, other than within the Monte Carlo datasets of the isotropic toy Universe which they investigate in this context.
We therefore thank RH19 for reasserting our points and for nicely illustrating in their Figure 2 that any evidence for cosmic acceleration from SNe Ia is explicitly dependent on how peculiar velocities (and related additional uncertainties) are treated.As a handy guide to the coloured contours the reader may note that:
• Pink: is the same as CMRS19 and uses heliocentric redshifts, as in supernova cosmology analyses until 2011 (including Perlmutter et al. (1999) and Riess et al. (1998) ).
• Green: uses heliocentric redshifts, plus sample and redshift dependent treatment of x 1 and c. The peculiar velocity "correction" covariance matrix is added, and treats the peculiar flow as distinct from the Hubble flow, i.e. uncertainties assigned to the z < 0.06 SNe Ia observables are artificially enlarged.
• Blue: Same as Green, but the redshifts are now corrected to the cosmic 'rest frame', under the assumption that the CMB dipole is of purely kinematic origin.
• Grey: In addition to the above assumptions (Blue), the z < 0.06 redshifts are "corrected" for the motion of the SNe Ia w.r.t the CMB rest frame. Since the velocities beyond the scale of the flow model are not known and the models clearly have a residual bulk flow, the redshifts now encode a model of the Universe in which a local spherical volume of ∼200 Mpc radius is smashing into the rest of the Universe, which is arbitrarily treated as at rest.
We leave it thus to the reader to judge:
1. Whether it is is a correct procedure to make "corrections" for peculiar velocities but leave the supernovae immediately outside the flow volume uncorrected. (Such a procedure induces a directional bias to the SNe Ia, which in the JLA uncertainty budget is treated as an uncorrelated variance of cσ z = 150kms −1 .) 2. Whether it is a reliable to interpret as evidence for a Cosmological Constant an isotropic acceleration that can be extracted from the data only by "correcting" over half of all supernovae to the CMB frame to which convergence has never been observationally demonstrated.
In fact the peculiar velocity "corrections" affect the lever arm of the Hubble diagram in a non-obvious manner. The subsequent Pantheon compilation (Scolnic et al. 2017) initially included peculiar velocity corrections far beyond the extent of any known flow model of the Universe. 1 When this bug was fixed, both the magnitudes and heliocentric redshifts of the corresponding supernovae were found to be discrepant. 2
CONCLUSIONS
As demonstrated by CMRS19 and confirmed by RH19, the acceleration of the Hubble expansion rate inferred from the SNe Ia magnitudes and redshifts as measured (in the heliocentric frame) is described by a dipole anisotropy. To infer an isotropic acceleration i.e. a monopole (such as can be attributed to Λ or dark energy), the supernovae must have their redshifts "corrected" to the (possibly mythical) CMB rest frame, and the redshifts of the low-z objects "corrected" further for their motion w.r.t. the CMB rest frame. This is done using flow models (Hudson et al. 2004; Carrick et al. 2015) which in fact assume that the universe is well-described on large scales by the standard ΛCDM model. Moreover to boost the significance of the monopole above ∼ 3σ the parameters describing the supernova light curves need to be empirically modelled a posteriori as being both sample and redshift dependent -violating both the basic principles of unbiased hypothesis testing and the Bayesian Information Criterion.
Whether what has been called 'dark energy' in cosmology is the result of inhomogeneities is a topic of fierce debate (see Buchert et al. (2015) for a review). It is necessary to carefully scrutinise exactly which reference frame the supernova data have been "corrected" to before making drawing important conclusions. Whereas this is trivial in isotropic and homogeneous FLRW models where there is only one relevant frame, in the real lumpy Universe (which can only be approximately represented by an FLRW model), observers appear to have a broad choice of "corrections" they can make. This cosmological 'fitting problem' (Ellis & Stoeger 1987 ) is thus at the root of the present debate.
